In this paper we introduce the sequence spaces c 0 i (∆) ,c i (∆) and i ∞ (∆) of interval numbers and study some of their algebraic and topological properties. Also we investigate some inclusion relations related to these spaces.
Introduction
Many mathematical structures have been constructed with real or complex numbers. In recent years, these mathematical structures were replaced by fuzzy numbers and interval numbers. These are very popular since 1965 due to the introduction of fuzzy sets by L.A.Zadeh. The notion of fuzzy real numbers has been applied for introducing converging sequences of fuzzy numbers by Tripathy and Debnath [6] , Tripathy and Baruah [4] , Tripathy and Sen [5] and many others. Furthermore, these mathematical structures were replaced by intuitionistic fuzzy numbers or two dimensional interval numbers. Interval arithmetic was first suggested by Dwyer [12] in 1951. Development of interval arithmetic as a formal system and evidence of its value as a computational device was provided by Moore [15] in 1959 and Moore and Yang [16] in 1962. Chiao [8] introduced sequence of interval numbers and defined usual convergence of sequences of interval numbers. Sengonul and Eryilamz [10] introduced and studied bounded and convergent sequences of interval numbers and established that these spaces are complete metric spaces. Esi [1, 2] studied the lacunary single and double sequence spaces of interval numbers. Dutta [3] studied different properties of p-absolutely summable sequences of interval numbers.The notion of diference sequence spaces was first introduced by Kizmaz [7] and this concept was generalized by Et and Colak [9] ,Tripathy et.al. [4, 6] in different ways. These were further studied by Debnath et.al. [20, 21, 22] and many others.
Preliminaries:
An interval number x is a closed subset of the real numbers and denoted by x = [x l , x u ], where x l ≤ x u and x l , x u both are real numbers. The set all real valued closed intervals is denoted by R(I). The absolute value (magnitude or interval norm) of an interval number is defined by |x| = max {|x l |, |x u |}.
In general, the distributive laws do not hold for interval arithmetic. If x, y, z are any three intervals then it is easy to verify,
The set of all interval numbers R(I), is a complete metric space(One may refer to [10] ) with the metric d(x, y)= max {|x l − y l |, |x r − y r |}.
Here after any sequence (x k ) of interval numbers will be an element of (R(I), d).
Definition 2.1 [8] : A sequence (x k ) is said to be convergent to the interval number (x 0 ) if for a given ε > 0 there exists a positive integer n 0 such that d(x k , x 0 )< ε for all k ≥ n 0 , and denoted by lim
We denote the set of all sequences of interval number with real terms by w i . Given two sequences of interval numbers in w i , say (x k ) and (y k ), the linear structure of w i includes the addition of (
Since the set of all intervals on R is a quasi-vector space, the set w i be regarded as a quasi vector space and the following rules are clearly satisfied:
all terms of which are zero interval.
In [10] , c 0 i , c i and l i ∞ denote the spaces of null, convergent and bounded sequences of interval numbers respectively, that is
The space c 0 i (or c i or i ∞ ) forms a complete metric space with the metric defined by
and are normed interval space with the norm kxk =sup
Kizmaz [7] defined the difference sequences of real numbers by X(∆) = {x = (x k ) ∈ w : (∆x k ) ∈ X}, for X = ∞ , c and c 0 , where ∆x k = (x k -x k+1 ) The above spaces are complete normed spaces defined by the norm kxk 4 
An interval valued sequence x = (x k ) is said to be interval valued Cauchy sequence if for every ε > 0 there exists a k 0 ∈ N such that d(x n ,x m ) < ε for all n, m > k 0 .
Definition 2.3: Let
Definition 2.5: A sequence space λ i is said to be convergence free if (y k ) ∈λ i whenever (x k ) ∈λ i and x k = θ implies y k = θ. Definition 2.6: A sequence space λ i is said to be a monotone if λ i contains the canonical pre-images of all its step spaces. 
Main Results
In this paper we consider the difference operator on the sequences of interval numbers defined by
We introduce the classes of difference null, convergent and bounded sequences of interval numbers. We denote the difference sequences of null, convergent, bounded sequences of interval numbers by c 0 i (∆) ,c i (∆) and i ∞ (∆) respectively, defined by
It can be easily verified that the spaces c 0 i (∆), c i (∆) and i ∞ (∆) are subsets of the space w i . Besides, for all ( Proof: We prove the result for the class c 0 i (∆). The rest can be established similarly.
Let (x n ) be a Cauchy sequence. Then for each ε > 0, there exists a k 0 ∈ N such that e d(x n , x m ) < ε, whenever n, m≥ n 0 , where
Thus we have |∆x k nl − ∆x k ml | < ε and |∆x k nu − ∆x k mu | < ε. Let k be fixed, then (∆x k nl ) and (∆x k nu ) are both Cauchy sequence of real numbers. Since the set of all real numbers is complete, so lim n→∞ ∆x k nl = l 1 and lim
i.e, e d(x n , θ) < ε / , ∀n ≥ n 0 This implies that (x n ) is a convergent sequence and converge to θ ∈ c i 0 (∆). This completes the proof.
The norm function on the sequences of interval numbers can be extended to the difference sequence spaces of interval numbers, denoted by λ i (∆), which is a subset of w i , where
Definition 3.1. A norm on λ i (∆) is a non-negetive function k.k λ i = λ i (∆) → R + ∪ {0} that satisfies the following properties: ∀x, y ∈ λ i (∆) and ∀α ∈ R,
The spaces c i 0 (∆), c i (∆) and i ∞ (∆) are normed spaces with the norm
In view of the definition of norm on interval sequences and Theorem 3.1, we formulate the following result. Proof: We prove that c 0
Thus (x k y k ) ∈ c i 0 (∆) and hence a sequence algebra. For the space c i (∆) and i ∞ (∆), the result can be proved similarly. 
